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It is shown that any bipartite distance-regular graph with finite valency k and at 
least one cycle is finite, with diameter d and girth g satisfying d < 
(k - l)( g - 2)/Z t 1. In particular, the number of bipartite distance-regular graphs 
with fixed valency and girth is finite. 
1. INTRODUCTION 
It is an open question whether or not there are finitely many distance- 
regular graphs with fixed valency k (3 <k < co). Several authors have 
studied the special case of distance-transitive graphs. Biggs and Smith [2] 
and Smith [4-61 have obtained the complete list of distance-transitive graphs 
with valency 3 or 4. Smith [ 71 has also shown that for bipartite distance- 
transitive graphs, a bound on the order of a vertex stabilizer of the 
automorphism group can be translated into a bound on the diameter. It is 
immediate from the work of Weiss [8] that the girth of any finite distance- 
transitive graph is at most 16, assuming the list of known 2-transitive groups 
given in [3] is complete. 
The distance-regular case is completely open. In this paper, we show that 
the diameter is bounded in terms of the girth and valency for bipartite 
distance-regular graphs. 
We refer only to connected, undirected graphs, without loops or multiple 
edges and containing at least one cycle. r will denote a graph with possibly 
infinite vertex set VT = {u, , u, ,..., u, ,... } and edge set Er, a subset of the set 
of unordered pairs of elements in VT. We say vertices u and u are ac$zcent if 
(u, u) E ET. We assume r is locallyfinite; that is, every vertex is adjacent to 
finitely many others. For any vertices u, v E VT let a(u, u) denote the 
distance between them. The diameter of r is the maximum value of a@, u) 
for any u, u E VT. A cycle is a sequence of at least three distinct vertices 
Iv, 3 U2Y.V u,} where (vi, ut+] )EET (1 Qi<n- 1) and (un,n,)EEr. The 
girth of a graph r is the number of vertices in a shortest cycle. A graph is 
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called bipartite if there are no cycles with an odd number of vertices. If T is 
a subset of VT we define the vertex subgraph r’ induced by T to be VI” = T 
and ET’ = {(u, v) ] (u, U) E ET and U, u E T}. 
For any non-negative integers i and j and any vertices u, u E VI’, denote 
by Si.j.u.u the set of vertices a distance i from u and j from U. Note that 
S I.1.U.U is just the set of vertices adjacent to U. We say a graph is regular 
with ualency k if IS i,i,,+ ], the number of vertices in S,+, ,U,U, is k for all 
24 E vr. 
A graph r is distance-regular if ]Si,j,u,v] depends only on i, j, and a(u, u). 
For the basic theory of these graphs see Biggs 
ci= Isi-l,l.u,uL 
ai = Isi,l,u,vL 
bi=IS i+ I,l,U,V 3 where 
11. For any i (0 < i) set 
a(u, u) = i. 
The numbers {ci) and {b,), where i ranges up to the diameter of the graph, 
are often represented in an intersection array 
(c, = 1, c 2 ,..., ci ,... ; b, = k, b, ,..., bi ,... }, 
where k is the valency of r. Since for each i from 1 up to the diameter of the 
graph we have ci + a, + 6, = k, the ats can be extracted from this array. 
However, it is immediate that for bipartite distance-regular graphs, ai = 0 for 
alli (1 <i). 
2. DISTANCE-REGULAR GRAPHS 
In what follows, r will denote an arbitrary bipartite distance-regular graph 
(possibly infinite) with intersection array 
( 1 = cl, c2 ,..., ci ,... ; k, b,, b, ,..,, bi ,... }. 
Let u and u be any two distinct vertices in r with a(u, u) = n for some n > 1. 
Let B be the vertex subgraph of r with vertex set 
vl3= ~~~“Sl,n-l,u,“US2,n-2.u,“U... us,-,,,,,,“U @I. 
Put another way, 
VB = {X E vrp(f4, X) + a(~, 0) = a(~, v)). 
Below we discuss the subgraph B. U and u will always refer to the vertices u 
and u defined above. Furthermore, all distances will be measured in r, not B. 
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LEMMA 1. If x is any vertex in B (defined above) and if 3(x, u) = i 
(1 < i < n - l), then the valency of x in B is Ci + c, -i. The valency of u and 
v in B isc,. 
Proof. This is immediate from the fact that the set of vertices in B 
adjacent to x is Si-l,l,u,xUSl,n-i-l,x,v, and the set of vertices in B 
adjacent to u and v are S, ,“-,, u,v and Sn--l,l,u,v, respectively. 1 
LEMMA 2. For any pair of vertices a and b in B (defined above), 
a(a, b) ( a(u, v) = n 
where distances are measured in P. 
Proof. From the definition of B, we have 
a(a, v) + a(a, u) = n, 
a(b, v) + a(b, u) = n. 
Combining (1) and (2) we get 
a(a, u) + a(b, u) + a(a, v) + @b, v) = 2n. 
Therefore either 
a(a, u) + a(b, u) Q n 
or 
a(a, v) + @b, v) < n. 
Without loss of generality suppose that 
a(a, u) + a(b, u) Q n. 
Then 
as required. i 
%a, b) Q ata, u> + a(~, b) Q n, 
(1) 
(2) 
THEOREM 1. Let T be any bipartite, distance-regular graph with inter- 
section array 
{ 1 = c,, c, ,..., ci ,...; k, b,, b, ,..., b, ,... }. 
Then for any positive integer n, less than or equal to the diameter of r, 
c,> 1 impliesthereexistsani(l<i<n-l)wherec,>ci+c,-i. 
DISTANCE-REGULAR GRAPHS 185 
Proof. Assume that for some positive integer n and for all i 
(1~i~n-I)wehavec,+c,_i>~,.Wewillshowthatc,=1.Letuandv 
be vertices in r satisfying a(u, v) = )2. Let B be the subgraph of I’ defined at 
the beginning of this section. 
We now define a functionf: VB X VB + Z, where Z denotes the integers, 
by 
f(u, b) = lqa, b) - lcqa, u) - w, u)l, a, b E VB, 
where the vertical bars denote absolute value. Note that f(u, v) = 0, Using 
Lemma 2 and the triangle inequality we can conclude that 
Let 
0 < ./-(a, b) < n, u,bE VB. 
f, = max{f(u, b) / a, b E VB}. 
We claim& = 0, and hencef(u, b) = 0 for all a, b E VB. 
Proof of claim. Let S c_ VB x VB be the set of pairs (a, b) of vertices in 
B where f(u, 6) = fO. Out of the set S, choose a pair (a, b) where 
Ia@, u) - a(& )I u is a maximum. We show that (a, b) = (u, v) or (0, u) and 
hence f, =f(u, V) = 0. Suppose (a, b) # (u, v) or (0, u). We can assume 
without loss of generality that u # u or u. Let 
From Lemma 1, the valency of a in B is then cj + C,-j, which we are 
assuming is strictly greater than c,. From Lemma 2, we must have 
a(u, b) < n, where the distance is measured in r. Let a(u, b) = 1 for some I, 
I < n. Since r is distance-regular, there are exactly c, vertices in radjacent to 
a and closer to b than a is. Since r is bipartite the remaining k - c, vertices 
adjacent to a are further from b than a is. There are more than c, vertices in 
B that are adjacent to a. Since l< n we have c, > c,, so there must be at 
least one vertex a’ in B, adjacent to a, but further from b than a is. That is, 
a(~‘, b) = a(u, b) + 1 = 1+ 1. 
We now calculatef(u’, b). We have 
f(u’, b) = a(u’, b) - I a(~‘, u) - a(b, u)l, 
= ~?(a, b) + 1 - la(u’, u) - a(b, u)l. 
(3) 
(4) 
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Sincef(a, b) = fO, the maximum value for f, we must have 
f@', b)<f(a, b). 
Equations (3), (4) and (5) imply 
I w, u) - w, u)l 2 I qa, u) - a@, u)l + 1. (6) 
(5) 
But, since a’ is adjacent to a, we also have 
la(a’, u) - a(b, u)l < Ia@, a) -a@, u)l + 1, 
so we must have equality. Therefore 
f(a,b)=f(a',b) 
and so 
(a’, b) E S. (7) 
But now (6) and (7) imply that the pair (a, b) was not the element in S 
where 
was a maximum. Therefore our assumption that a # u or u must be wrong. 
By a similar argument we can show that b = t( or v as well, and thus (a, b) = 
(u, v) or (u. u). Hence f, = f (u, V) = 0 and the claim is proved. 
If c, were not 1, then S,,,-,,,,, would contain at least two distinct vertices 
denoted by x and y. Then we would have 
f (xv Y> = w, Y> - Hx, u) - @Y, u)l 
= 8(x, y) - 0 
> 0. 
Since f (x, y) was shown to be 0 for all x, y E VB, we have a contradiction. 
Thus we must conclude, under the assumptions of this proof, that c, = 1. m 
COROLLARY 1. Any bipartite distance-regular graph r with at least one 
cycle is finite, with diameter d, valency k, and girth g satisfying d < 
(k - l)(g - 2)/2 + 1. 
Proof. Let 
{Lc z ,..., ci ,... ;k,b ,,..., b, ,...) 
be the intersection array for r. Since r has a cycle, r has finite k girth which 
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we will denote by g. Since r is bipartite, g is even, and c,,, > 1. We claim 
that 
The proof is by induction on i. Clearly, if 1 < i < g/2, we have ci = 1, which 
certainly implies ci > 2i/( g - 2). Now pick any i > g/2 and by induction 
assume that 
c/a ,“, for all I, l<l<i. (9) 
Since i > g/2 we have ci > 1, so by Theorem 1 there must be a positive 
integerj, l<j<i-1, with 
Cj + Ci-j < tie 
From (9) we have 
and 
This gives 
> V - j) 
ci-j / g-2 * 
Y 
Ci>Cj+Ci-j>- 
g-2+ 
2(i- j) _ 2i 
g-2 g-2 
as required. 
Equation (8) shows that if r were infinite, the sequence of cI)s would be 
unbounded. Since this sequence must be bounded above by the valency k, we 
conclude that any bipartite distance-regular graph with a cycle has finite 
diameter. Denoting the diameter by d and using (8) we get 
or 
d< (k- l)(g--2) + 1 
\ 2 
as desired. [ 
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COROLLARY 2. For any integers k and g, k, g > 2, there are finitely 
many bipartite distance-regular graphs with valency k and girth g. 
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